In [10, p. 719] , the author proposed the upper bound 2 2 n−1 for positive integer solutions to any system T ⊆ {x i + x j = x k , x i · x j = x k : i, j, k ∈ {1, . . . , n}} which has only finitely many solutions in positive integers x 1 , . . . , x n . The bound 2 2 n−1 is not correct for any n 8 because the following system
provides a counterexample for any k 3. In [11, p. 96] , the author proposed the upper bound 2 2
for modulus of integer solutions to any system
. . , n}} which has only finitely many solutions in integers x 1 , . . . , x n . The bound 2 2 n−1 is not correct for any n 9 because the following system
provides a counterexample for any k 4. Let
if n ∈ {6, 7, 8, . . .}
Conjecture. If a system T ⊆ {x
. . , n}} has only finitely many solutions in positive integers x 1 , . . . , x n , then each such solution (x 1 , . . . , x n ) satisfies x 1 , . . . , x n f (n).
Theorems 1 and 2 imply that the function f cannot be decreased.
Let Rng denote the class of all rings K that extend Z, and let 
Indeed, the above equality is equivalent to 
Lemma 4. ([10, p. 720]) If there is a computable upper bound for the modulus of integer solutions to a Diophantine equation with a finite number of integer solutions, then there is a computable upper bound for the heights of rational solutions to a Diophantine equation with a finite number of rational solutions.

Theorem 4. The Conjecture implies that there is a computable upper bound for the heights of rational solutions to a Diophantine equation with a finite number of rational solutions.
Proof. It follows from Corollary 2 and Lemma 4.
The Davis-Putnam-Robinson-Matiyasevich theorem states that every recursively enumerable set M ⊆ N n has a Diophantine representation, that is
for some polynomial W with integer coefficients, see [2] . The polynomial W can be computed, if we know the Turing machine M such that, for all (a 1 , . . . , a n ) ∈ N n , M halts on (a 1 , . . . , a n ) if and only if (a 1 , . . . , a n ) ∈ M, see [2] . The representation (R) is said to be finite-fold, if for any a 1 , . . . , a n ∈ N the equation W(a 1 , . . . , a n , x 1 , . . . , x m ) = 0 has only finitely many solutions (x 1 , . . . , We explain why Matiyasevich's conjecture although widely known is less widely accepted. Let us say that a set M ⊆ N n has a bounded Diophantine representation, if there exists a polynomial W with integer coefficients such that (a 1 , . . . , a n ) ∈ M ⇐⇒ ∃x 1 , . . . , x m ∈ {0, . . . , max (a 1 , . . . , a n )} W (a 1 , . . . , a n , x 1 , . . . , x m ) = 0 Of course, any bounded Diophantine representation is finite-fold and any subset of N with a bounded Diophantine representation is computable. A simple diagonal argument shows that there exists a computable subset of N without any bounded Diophantine representation, see [1, p. 360] . The authors of [1] suggest a possibility, which contradicts Matiyasevich's conjecture, that each subset of N which has a finite-fold Diophantine representation has also a bounded Diophantine representation, see [1, p. 360] .
For a positive integer n, let τ(n) denote the smallest positive integer b such that for each system T ⊆ {x i + 1 = x j , x i · x j = x k : i, j, k ∈ {1, . . . , n}} with a finite number of solutions in positive integers x 1 , . . . , x n , all these solutions belong to [1, b] n . The Conjecture implies that ∀n ∈ N \ {0} τ(n) = f (n). Proof. There exists a polynomial W(x 1 , x 2 , x 3 , . . . , x r ) with integer coefficients such that for each positive integers x 1 , x 2 , 
and n − n 2 − s − 2 0. Let T n denote the following system with n variables:
By the equivalence (E), the system T n is soluble in positive integers, 2 · n 2 = u, n = x 1 , and
Since T n has at most finitely many solutions in positive integers, y τ(n). Hence,
Below is the excerpt from page 135 of the book [7] :
Folklore. If a Diophantine equation has only finitely many solutions then those solutions are small in 'height' when compared to the parameters of the equation. This folklore is, however, only widely believed because of the large amount of experimental evidence which now exists to support it.
Below is the excerpt from page 12 of the article [8] : That is, mathematicians are intuitively persuaded that solutions are small when there are finitely many of them. It seems that there is a reason which is common to all the equations. Such a reason might be the Conjecture whose consequences we have already presented. 
The Conjecture is true for n = 1 and n = 2. Therefore, the sentence Φ(4) is true. For each positive integer n, there are only finitely many systems
Hence, for each positive integer n there exists a positive integer m such that the Conjecture restricted to systems with at most n variables is equivalent to the sentence Φ(m). As a corollary, we obtain that the Conjecture is equivalent to ∀b ∈ N \ {0} Φ(b).
Theorem 7.
The Conjecture is equivalent to the following conjecture on integer arithmetic: if positive integers x 1 , . . . , x n satisfy max(x 1 , . . . , x n ) > f (n), then there exist positive integers y 1 , . . . , y n such that
The execution of the following flowchart never terminates. Is max(y 1 , . . . , y n ) > c?
Is The following MuPAD code implements a simplified flowchart's algorithm which checks the following conjunction
instead of four separate conditions. Since the flowchart algorithm is totally impractical, we attempt to confirm the sentence Φ(256) in a different way. For integers a 1 , . . . , a n , let P(a 1 , . . . , a n ) denote the following system of equations:
Lemma 5. For each positive integer n, there exist positive integers a 1 , . . . , a n such that a 1 . . . a n = f (n) and the system P(a 1 , . . . , a n ) has only finitely many solutions in positive integers. Each such numbers a 1 , . . . , a n satisfy a 1 < . . . < a n .
Proof. In the opposite case, we remove the first duplicate and insert a n + 1 after a n . Since a n + 1 > a n = f (n), we get a contradiction.
Let F denote the family of all systems P (a 1 , a 2 , a 3 ) , where integers a 1 , a 2 , a 3 satisfy 1 < a 1 < a 2 < a 3 .
Theorem 9.
The Conjecture is true for n = 3.
Proof. By Lemma 5, there exist positive integers a 1 , a 2 , a 3 such that a 1 < a 2 < a 3 = f (3) and the system P(a 1 , a 2 , a 3 ) has only finitely many solutions in positive integers. If a 1 = 1, then a 2 = 2 and a 3 ∈ {3, 4}. Let a 1 > 1. Since a 1 < a 2 < a 3 , we get a 1 · a 1 < a 1 · a 2 < a 2 · a 2 . Hence, card P(a 1 , a 2 , a 3 
Since a 1 < a 2 < a 3 , the equation a 2 , a 3 ) . By these observations, the following table shows all solutions in positive integers to any system that belongs to F . The table indicates that the system
has a unique solution in positive integers, namely (2, 3, 4) . The other presented systems do not belong to F or have infinitely many solutions in positive integers.
Corollary 3.
Since the Conjecture is true for n ∈ {1, 2, 3}, the sentence Φ(16) is true.
Theorem 10. The sentence Φ(256) is true.
MuPAD is a computer algebra system whose syntax is modelled on Pascal. The commercial version of MuPAD is no longer available as a stand-alone product, but only as the Symbolic Math Toolbox of MATLAB. Fortunately, the presented codes can be executed by MuPAD Light, which was offered free for research and education until autumn 2005.
